Abstract. Let X be a countable CW complex and Y an ANR (for metric spaces) and let Y X denote the space of continuous maps from X to Y with the compact-open topology. We show that, under mild restrictions, the following are equivalent: (1) Y X is an 2 -manifold, (2) Y X is an ANR, (3) Y X has the homotopy type of a CW complex. We also give a few interesting examples and applications. . In general, these implications are not equivalences. As an example of the latter, the cone of any metric non-ANR compactum is contractible but is not an ANR.
Introduction
Sakai [14, paragraph following 'Main Theorem'] showed that if X is a nondiscrete compactum and Y is a separable completely metrizable ANR with no isolated points, then the space Y X of continuous maps X → Y with the compact open topology is an 2 -manifold. There are obstructions to generalizing that to noncompact domain spaces. An evident one is that if Y X is an 2 -manifold, it has to be an ANR. This in turn implies that Y X has the homotopy type of a CW complex; see Milnor [12, Theorem 2] . In general, these implications are not equivalences. As an example of the latter, the cone of any metric non-ANR compactum is contractible but is not an ANR.
When X is not a compactum, Y X can easily lack the 'nice' local properties of ANRs. For example, taking Y to be the unit circle S 1 , and X the countable planar CW complex n∈Z {(x, y) ∈ R 2 ; (x − 2n) 2 + y 2 = 1}, we note that Y X is not locally path connected. In particular, it is not an ANR and in fact does not have the homotopy type of a CW complex, although it is a metrizable topological group.
If X is a countable CW complex and Y is an ANR, then it turns out that Y X is an ANR if and only if it has the homotopy type of a CW complex. Assuming Sakai's conditions on X (discrete) and Y (separable and complete with no isolated points), the two are equivalent to Y X being an 2 -manifold.
Statements of the main results
Recall that a metrizable space Z is an absolute neighborhood retract (ANR) for metric spaces, which hereafter we refer to simply as an ANR, if for every closed embedding Z → W , where W is metric, the image of Z is a retract of a neighborhood in W .
Also The first author has investigated conditions under which Y X has CW homotopy type; see [15] , [16] , and [17] . Here we can say that there exist nontrivial (families of) examples of infinite complexes X and interesting ANR spaces Y for which the function space Y X has CW homotopy type (and is hence an ANR). This makes the above theorem nonfrivolous.
On the other hand, there seems to be no hope in trying to completely characterize the question of CW homotopy type of the function space Y X in terms of properties of X and Y , as some special cases reduce to very difficult open problems in topology; the interested reader is referred to [17] .
In his paper [21] , the second author considers spaces of functions defined on a noncompact space equipped with the uniform topology. There he gives a condition under which such a function space is a topological manifold locally modeled on a (nonseparable) Hilbert space. In the present paper we prove a result in this direction for the compact-open topology. Namely, we show that if Y is a separable complete metric space, except for trivial cases, the equivalent conditions of Theorem For spaces X, Y and subsets 
where n is a positive integer, the K i are compact, and the V i are open sets. First we show that every member of B has the homotopy type of a CW complex. The proof of Theorem 1.2 can be obtained by translating the proof of the Main Theorem in [14] to our setting. We first recall the result of Toruńczyk [19, 20] characterizing 2 -manifolds. To state this result we make some definitions concerning approximations of maps. Given an open cover U of M we say that maps f, g : N → M are U-close if for each x ∈ N the points f (x) and g(x) belong to a common member of U. If moreover f and g are joined by a homotopy h : N ×I → M with h({x} × I) contained in some member of U for each x ∈ N , the maps f and g are said to be U-homotopic and h is called a U-homotopy. In the above, assume that M is a metric space and let ε > 0. If U is the collection of all open sets of diameter < ε, we say ε-close, ε-homotopic, and ε-homotopy to mean U-close, U-homotopic, and U-homotopy, respectively.
Let D denote the topological sum ∞ n=1 I n . We say that the space M satisfies the DAP (Discrete Approximation Property) if for any map f : D → M and any open cover U of M , there exists a map g which is U-close to f such that the family {g(I n )} n∈N of images is discrete in M .
Theorem 3.1 (Toruńczyk). A separable completely metrizable space M is an 2 -manifold if and only if it is an ANR and has the DAP.
We use the following criterion, which is easily derived from [4, Remark 2], to check for the DAP. 
Let F denote the function space Y X . We can define an admissible metricd of F bȳ
We define a subset F i of F, where i ≥ 1, by
Then obviously F i ⊂ F i+1 . We shall show that the sequence F 1 ⊂ F 2 ⊂ · · · satisfies the conditions (i) and (ii) in Lemma 3.2, which will conclude the proof. To verify the condition (i), take any f : I n → F and ε > 0. By (1) we can take δ > 0 such that every two δ-close maps into Y are ε-homotopic. By compactness of I n , there exists i ≥ 1 such that
Since Y is an ANR, by the homotopy extension theorem [13, Theorem 5.1.3] and the choice of δ, there exists an ε-homotopy h :
Moreover, if we set H(s, t)(x) = h(s, x, t), then H : I
n × I → F is a homotopy connecting f with g. Then we havē
d(H(s, t), H(s, t )) =
for s ∈ I n and t, t ∈ I. This shows that H is an ε-homotopy. The condition (i) is verified.
It remains to verify the condition (ii). Take any ε > 0. By (1), there exists 0 < δ ≤ 1/8 such that every two 10δ-close maps into Y are ε-homotopic. Take any i ≥ 1 and f : 4δ) ) and such that h k (y, t) = y (y / ∈ B(y k , 6δ)). Again using the homotopy extension theorem, we have an ε-homotopy h :
Then, similarly as in the proof of (i), f, g : I n → F are ε-homotopic via a homotopy
It is easy to see that g ∈ F j if we let j = i + N + 1.
Take any s, s ∈ I n . We claim thatd(f (s), g(s )) ≥ δ, which means that d(f (I n ), g(I n )) ≥ δ and hence the condition (ii) is met. First we consider the case
. Since x ∞ ∈ K 1 , we easily see thatd(f (s), g(s )) ≥ δ as claimed. Second we consider the case where
On the other hand, we see that H i (X; Z) being finitely generated, since X is simply connected and finite-dimensional. Assume that (iv) does not hold. Then there exists n such that H n (X, Z) is not finitely generated. By the universal coefficient theorem, either H n (X; Z) or H n+1 (X; Z) is not finitely generated (see Hatcher [7, Proposition 3F.12] ). Fix m such that H m (X; Z) is not finitely generated. Since X is finite-dimensional, we can take a connected finite CW complex such that π m (Y ) = Z and π i (Y ) = 0 for 0
where K i is a finite subcomplex of X for each i. By obstruction theory, for each i we have a commutative diagram
As in the proof of Theorem 4.1, we conclude that the space Y X is not semilocally path connected at any point, which means that (iii) does not hold. This completes the proof.
